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Abstract
We study expansive dynamical systems from the viewpoint of general
topology. We introduce the notions of orbit and refinement expansivity
on topological spaces extending expansivity in the compact metric set-
ting. Examples are given on non-Hausdorff compact spaces. Topological
properties are studied in relation to separability axioms, metrizability and
uniform expansivity.
1 Introduction
Given a compact metric space (X, dist) a homeomorphism f : X → X is ex-
pansive [8] (ormetric expansive) if there is δ > 0 such that if dist(fn(x), fn(y)) <
δ for all n ∈ Z then x = y. This definition was stated from a topological view-
point, i.e. without mentioning the metric, in for example [1, 4, 7]. In these
papers their hypothesis allowed them to prove the metrizability of the space,
and consequently the concept they consider is in fact metric expansivity. The
purpose of the present paper is to investigate topological definitions of expan-
sivity with examples on non-metrizable topologies and to extend known result
of metric expansivity to this topological setting.
We introduce two of such definitions. In order to explain the first one let us
consider a metric expansive homeomorphism f as above. Since X is compact,
there are x1, . . . , xl ∈ X such that X =
⋃l
i=1 Bδ/2(xi), where Br(p) is the
open ball of radius r centered at p. If Ui = Bδ/2(xi) for i = 1, . . . , l and f
is expansive we have constructed an open cover U1, . . . , Ul satisfying: if x 6= y
then there is n ∈ Z such that {fn(x), fn(y)} * Ui for all i = 1, . . . , l. We use
this property of expansive homeomorphisms to extend the definition for non-
metric topological spaces. If a covering U1, . . . , Ul as above exists we will say
that f is orbit expansive. A similar idea was previously considered in [7] but
assuming that the space is Hausdorff. In this case, as we will show in Theorem
2.7, the orbit expansivity coincides with the metric expansivity. We will give
examples of orbit expansive homeomorphisms on non-Hausdorff compact spaces,
see Examples 2.12 and 3.13.
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Let us explain the second definition considering again a metric expansive
homeomorphism f . Consider the open cover of small balls U = {U1, . . . , Ul}
defined above. Then we can prove that for every open cover V and every se-
quence (kj)j∈Z ∈ {1, . . . , l}Z there exists an N ∈ N such that
⋂
|j|≤N f
j(Ukj )
is contained in some open set of V . In the topological setting this definition
will be called refinement expansivity. This concept is interesting because it does
not mention the metric neither points, it is stated in terms of the dynamics of
open covers of the space. This allows us to give examples on non-T1 spaces, see
Examples 3.2 and 3.4. But, assuming that the space is T1 we prove in Theorem
3.12 that refinement expansivity implies orbit expansivity. As in the metric case
[2] we prove, see Theorem 3.8, a uniform version of this expansivity.
The paper is organized as follows. In Section 2 we introduce orbit expan-
sivity. We relate our definition with the concept of generators of [7]. Also, a
definition via an isolating neighborhood of the diagonal of X ×X is considered.
We show that if a space X admits an orbit expansive homeomorphism then
X is T1. In Theorem 2.7 we show that if a compact Hausdorff space admits
an orbit expansive homeomorphism then the space is metrizable. As a corol-
lary we obtain that the compact unit square with the lexicographic topology
does not admit orbit expansive homeomorphisms. In Example 2.12 we give an
example of a compact non-Hausdorff space admitting an orbit expansive home-
omorphism. We also prove that no infinite set with the cofinite topology admits
orbit expansive homeomorphisms. Other properties are proved in relation with
the cardinality of the set of periodic points and the expansivity of the powers
of the orbit expansive homeomorphisms.
In Section 3 we introduce the notion of refinement expansivity. We start
giving examples showing that it is natural to assume that our space is T1. In
Section 3.1 we introduce uniform refinement expansivity and we prove that this
definition coincides with refinement expansivity. This allows us to conclude that
if a space X admits a refinement expansive homeomorphism then X is compact,
which is an important difference with orbit expansivity. Then, we study the
restriction to invariant subspaces via the extension closed property from [5].
In Section 3.2 we prove that on T1 spaces refinement expansivity implies orbit
expansivity. In Example 3.13 we show that a T1 but non-Hausdorff topological
space may admit a refinement expansive homeomorphism.
We thank Damián Ferraro, Armando Treibich and José Vieitez for useful
conversations on these topics.
2 Orbit expansivity
Let (X, τ) be a topological space and consider f : X → X a homeomorphism.
We do not assume compacity of X . For a set A ⊆ X and a cover C of X we
write A ≺ C if there exists C ∈ C such that A ⊆ C. If A is a family of subsets
of X then A ≺ C means that A ≺ C for all A ∈ A. If in addition A and C are
coverings of X we say that A is a refinement of C.
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Definition 2.1. We say that f is orbit expansive if there is a finite open cover
U = {U1, . . . , Ul} of X such that if {fn(x), fn(y)} ≺ U for all n ∈ Z then x = y.
In this case we call U an o-expansive covering.
The notation suggests to think of {fn(x), fn(y)} ≺ U as
dist(fn(x), fn(y)) < δ
in the metric case.
Remark 2.2. It is easy to prove that U is an o-expansive covering if and only
if
card
(⋂
j∈Z
f j(Ukj )
)
≤ 1 for all (kj)j∈Z ∈ {1, . . . , l}
Z,
where card stands for the cardinality of the set. In [7] a related concept is
considered that they call generator.
Remark 2.3. Notice that if the empty set ∅ is in an o-expansive covering U
then U \ {∅} is an o-expansive covering too. It is also easy to see that if X ∈ U
then card(X) = 1.
As usual, we define the diagonal of X ×X as
∆ = {(x, x) : x ∈ X}.
Proposition 2.4. Let f : X → X be a homeomorphism on a compact space X.
The following statements are equivalent:
1. f is orbit expansive,
2. there is a neighborhood U ⊂ X×X of the diagonal such that if x 6= y then
there is n ∈ Z such that (fn(x), fn(y)) /∈ U .
Proof. (1 → 2). Given an o-expansive covering U1, . . . Ul, consider U = U1 ×
U1 ∪ · · · ∪ Ul × Ul. It is easy to see that U satisfies condition 2.
(2 → 1). Given U consider for each x ∈ X a neighborhood Ux of x such
that Ux × Ux ⊂ U . Since X is compact, we know that the diagonal ∆ is
compact. Then there is a finite cover, say Ux1 × Ux1, . . . , Uxl × Uxl for some
finite set {x1, . . . , xl} ⊂ X . Then, taking Ui = Uxi, for i = 1, . . . , l, we obtain
an o-expansive covering {U1, . . . , Ul}.
Notice that implication (1 → 2) in the previous Proposition does not need
the compacity of X . As usual, we say that X is T1 if given x, y ∈ X , x 6= y,
then there are two open sets U, V such that x ∈ U , y ∈ V , x /∈ V and y /∈ U .
Proposition 2.5. If X admits an orbit expansive homeomorphism then X is a
T1 space.
Proof. Given distinct points x and y ofX take n ∈ Z such that {fn(x), fn(y)} ⊀
U where U is an o-expansive covering. As fn(x) ∈ U for some U ∈ U we have
y /∈ f−n(U), x ∈ f−n(U). This proves that X is T1.
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Remark 2.6. If X is finite and it admits an orbit expansive homeomorphism
then X has the discrete topology. This follows by Proposition 2.5.
Orbit expansivity is equivalent to the usual notion of expansivity if the space
is Hausdorff, as the next result shows. Similar results, but with different def-
initions, were obtained in [1, 4, 7]. The closure of a set V will be denoted as
V .
Theorem 2.7. If a compact Hausdorff topological space admits an orbit expan-
sive homeomorphism then it is metrizable.
Proof. Let U be an o-expansive covering. As X is compact and Hausdorff we
can take an open cover V = {V1, . . . , Vm} such that {V : V ∈ V} ≺ U and
satifying
card
(⋂
j∈Z
f j(Vkj )
)
≤ 1 for all (kj)j∈Z ∈ {1, . . . ,m}
Z.
Then, given a point x and a neighborhood W of x, by a compacity argument,
we can find an N ∈ N and a sequence (kj)Nj=−N such that
x ∈
⋂
|j|≤N
f j(Vkj ) ⊆W.
So the finite intersections of the elements of V and its iterates form a countable
basis for the topology of X . Therefore, being compact and Hausdorff, we can
apply Urysohn’s Theorem (see for example [6]) to conclude that X must be
metrizable.
The following remark is a simple corollary of Theorem 2.7.
Remark 2.8. The unit square X = [0, 1]× [0, 1] with the topology induced by
the lexicographic order does not admit orbit expansive homeomorphisms. This
is because X is compact and Hausdorff but it is not metrizable.
Remark 2.9. If there is a closed set U ⊂ X×X such that
⋂
i∈Z(f×f)
i(U) = ∆
then ∆ is a closed set. This implies that X is Hausdorff. So, if the neighborhood
U of the diagonal of Proposition 2.4 can be taken as a closed neighborhood then
we conclude by Theorem 2.7 that X is metric. Consequently, the topological
expansivity defined in [3] is metric expansivity if the space is compact.
Remark 2.10. If X is a compact and Hausdorff space and f is orbit expansive
then for every metric dist defining the topology of X there is δ > 0 such that if
x, y ∈ X and x 6= y then there is n ∈ Z such that dist(fn(x), fn(y)) ≥ δ. In
fact, given a metric dist defining the topology of X it suffices to take δ as the
Lebesgue number of an o-expansive covering of f .
Non-compact spaces may admit orbit expansive homeomorphisms, see the
next example. In the following section we show that this is not the case for
refinement expansivity.
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Example 2.11. Consider the metric space Z with its usual metric, i.e., the
discrete topology. Define the homeomorphism f : Z → Z as f(n) = n + 1 and
the open sets U1 = {n ∈ Z : n ≥ 0} and U2 = {n ∈ Z : n < 0}. It is easy to see
that U = {U1, U2} is an o-expansive cover for f .
Let us give an example of an orbit expansive homeomorphism on a non-
Hausdorff space.
Example 2.12. Consider f : Z → Z the homeomorphism of Example 2.11.
Define X as a non-Hausdorff compactification of Z with two points ∞1 and ∞2
such that a basis of neighborhoods of∞i is formed by the sets U , ∞i ∈ U , with
finite complement. We have that f can be extended to a homeomorphism of X
by fixing each∞i. In this way we obtain an orbit expansive homeomorphism on
a compact non-Hausdorff space. More details are given in Example 3.13, where
this example is generalized.
A well known example of a compact topological space that is T1 but not
Hausdorff is the cofinite topology on an infinite set. We show that such space
admits no orbit expansive homeomorphisms.
Proposition 2.13. If X is an infinite set with the cofinite topology then no
homeomorphism of X is orbit expansive.
Proof. Arguing by contradiction, suppose there exists an o-expansive covering
{U1, . . . , Ul} for a homeomorphism f : X → X . Consider the finite sets Ai =
X\Ui and define A =
⋃
Ai. If every point is periodic then there is an infinite set
of points that never visit A, in contradiction with the orbit expansivity. Then,
we can take a non-periodic point x ∈ X . Since X is infinite, there is N ≥ 1
such that f i(x) /∈ A if |i| ≥ N . The points x and y = f2N (x) contradict the
orbit expansivity because, for each i ∈ Z at most one of the points f i(x) and
f i(y) is in A. This finishes the proof.
The following results extends well known properties of metric expansivity,
see [8]. They should be compared with what is obtained in the next section.
Proposition 2.14. Let f : X → X be a homeomorphism and r 6= 0 an integer.
Then, f is orbit expansive if and only if f r is.
Proof. If U = {U1, . . . , Un} is an o-expansive covering of f then
{
Uk1 ∩f(Uk2)∩
· · · ∩ f r−1(Ukr−1) : k1, k2, . . . , kr−1 ∈ {1, . . . , n}
}
is an o-expansive covering for
f r. From this the result follows.
Proposition 2.15. If U = {U1, . . . , Ul} is an o-expansive covering for f : X →
X then for each n ≥ 1 there are at most ln points p ∈ X such that fn(p) = p.
In particular, the set of periodic points is countable.
Proof. It is an easy application of the Pigeonhole Principle.
Proposition 2.16. If f : X → X is orbit expansive, Y ⊆ X and f(Y ) = Y
then f : Y → Y is orbit expansive too.
Proof. The restriction to Y of an o-expansive covering gives an o-expansive
covering for f : Y → Y .
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3 Refinement expansivity
In this section we consider another kind of topological expansivity. As before,
let us consider a homeomorphism f : X → X of a topological space X . We do
not assume the compacity of X .
Definition 3.1. We say that f is refinement expansive if there exists an open
cover U = {U1, . . . , Un} of X , called an r-expansivity covering, such that for
every open cover V and (kj)j∈Z ∈ {1, . . . , n}Z there exists an N ∈ N such that⋂
|j|≤N f
j(Ukj ) ≺ V .
The purpose of the following examples and remarks is to show that it is
desirable to assume that X is T1.
Example 3.2. Let us give a trivial example. Consider X endowed with the
topology τ = {X, ∅} and f : X → X an arbitrary homeomorphism (i.e., bijec-
tion). Trivially, f is refinement expansive with r-expansivity covering U = {X}.
By Proposition 2.5 we have that if card(X) > 1 then f is not orbit expansive.
Remark 3.3. Given a topological space (X, τ) consider the equivalence relation
given by x ∼ y if for all U ∈ τ it holds that x, y ∈ U or {x, y} ∩ U = ∅.
The quotient space X˜ = X/ ∼ is a T0 space. Every homeomorphism f : X → X
induces a quotient homeomorphism f˜ of X˜. It is easy to see that f is refinement
expansive if and only if f˜ is refinement expansive. This means, we can assume
that X is T0.
However, even assuming that the space is T0 we have undesired examples.
Example 3.4. Consider X = [0, 1) with the topology τX = {(a, 1) : 1 > a ≥
0}∪{X,∅} and f : X → X given by f = idX . The space X is compact, T0, not
T1, f is refinement expansive and has infinitely many fixed points. Also notice
that f is not orbit expansive.
In light of Example 3.4, it is natural to assume that the space X is T1. In
Theorem 3.12 we will show that every refinement expansive homeomorphism on
a T1 space is orbit expansive.
3.1 Uniform refinement expansivity
Consider a homeomorphism f : X → X of a topological space X . Given an
open cover U = {U1, . . . , Un} of X we define another open cover
Uf,N =
{⋂
|j|≤N f
j(Ukj ) : (kj)j∈Z ∈ {1, . . . , n}
Z
}
for any given N ∈ N.
Definition 3.5. We say that f is uniformly refinement expansive if there exists
a finite open cover U of X such that for every open cover V there exist an
N ∈ N such that Uf,N ≺ V . In this case we say that U is a uniform r-expansivity
covering.
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Remark 3.6. This definition is related with the uniform expansivity in the
compact metric case as was introduced in [2].
Remark 3.7. Clearly, every uniform r-expansivity covering is an r-expansivity
covering. Consequently, uniform refinement expansivity implies refinement ex-
pansivity. The converse is our next result.
Theorem 3.8. If U is an r-expansivity covering for (X, f) then U is a uni-
form r-expansivity covering. If f is refinement expansive, then f is uniformly
refinement expansive.
Proof. Arguing by contradiction assume that U = {U1, . . . , Un} is an r-expansive
covering wich is not uniform. Then there exists an open covering V of X such
that Uf,N does not refine V for every N ∈ N. That is, for all N ∈ N there exists
(kNj )j∈Z ∈ {1, . . . , n}
Z such that
⋂
|j|≤N
f j(UkN
j
) 6≺ V . (1)
We will show that there is a sequence (kj)j∈Z ∈ {1, . . . , n}Z so that
⋂
|j|≤N
f j(Ukj ) 6≺ V for any N ∈ N, (2)
wich means that U si not a r-expansivity covering. This contradiction will prove
the theorem. In order to define the sequence (kj)j∈Z take k0 ∈ {1, . . . , n} such
that the set {N ∈ N : kN0 = k0} is infinite. For j = ±1 take k1, k−1 ∈ {1, . . . , n}
such that the set {N ∈ N : kNj = kj if |j| ≤ 1} is infinite. Having defined
kj for |j| ≤ j′, take kj′+1, k−j′−1 ∈ {1, . . . , n} such that the set {N ∈ N :
kNj = kj if |j| ≤ j
′ + 1} is infinite. Inductively, this defines a sequence (kj)j∈Z
satisfying
card{M ∈ N : kMj = kj if |j| ≤ N} =∞ (3)
for all N ∈ N. Suppose that
⋂
|j|≤N0
f j(Ukj ) ≺ V for some N0 ∈ N. Then,
by (3), there is an M ≥ N0 such that kMj = kj for all |j| ≤ N0. Therefore,⋂
|j|≤N0
f j(UkM
j
) ≺ V . This implies that
⋂
|j|≤M f
j(UkM
j
) ≺ V wich in turn
contradicts condition (1). As we said, this finishes the proof.
In Example 2.11 we proved that a non-compact space may admit an orbit
expansive homeomorphism. As a consequence of the uniformity we now obtain
that this is not the case for refinement expansive homeomorphisms.
Corollary 3.9. If X admits a refinement expansive homeomorphism then X is
compact.
Proof. By Theorem 3.8 we know that f is uniformly refinement expansive. Let
U be a uniform r-expansivity cover of X . Given an arbitrary open cover V of
X take N ∈ N such that Uf,N refines V . Then, as Uf,N is a finite cover of X , V
has a finite subcover. This proves the compacity of X .
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In Proposition 2.16 we showed that the restriction of an orbit expansive
homeomorphism to an invariant subset is again orbit expansive. This is not
the case for refinement expansivity because such invariant subset may not be
compact. This motivates the introduction of the concept of extension closed
subspaces from [5].
Definition 3.10. A subspace Y ⊂ X is extension closed if every open cover of
Y extends to an open cover of X . This means, if {Ui}i∈I is an open cover of
Y (with the subspace topology) then there is an open cover {Vi}i∈I of X such
that Ui = Vi ∩ Y .
As noticed in [5], every closed subset is extension closed. Also: 1) on Haus-
dorff spaces the concept of extension closed and closed coincides and 2) an
extension closed subspace of a compact space is compact.
Proposition 3.11. If f : X → X is refinement expansive and Y ⊂ X is exten-
sion closed and f(Y ) = Y then f : Y → Y is refinement expansive.
Proof. If U = {U1, . . . , Ul} is an r-expansive covering and Y ⊂ X is invariant
and extension closed, consider UY = {UY1 , . . . , U
Y
l } where U
Y
i = Ui ∩ Y . We
will show that UY is an r-expansive covering for f : Y → Y . For this, take a
covering VY of Y . Since Y is extension closed, we can take a covering V of X
extending VY . Now, given (kj)j∈Z ∈ {1, . . . , l}Z we know that there exists an
N ∈ N such that
⋂
|j|≤N f
j(Ukj ) ≺ V . This implies that
⋂
|j|≤N f
j(UYkj ) ≺ V
Y
and the proof ends.
3.2 Refinement expansivity on T1 spaces
We know that refinement expansivity does not imply orbit expansivity on
arbitrary compact topological spaces, see Example 3.4.
Theorem 3.12. If f : X → X is refinement expansive and X is a T1 space,
then f is orbit expansive. Moreover, X has a countable basis for its topology.
Proof. We start proving that f is orbit expansive. Let U = {U1, . . . , Un} be
an r-expansivity cover of X . Given any (kj)j∈Z ∈ {1, . . . , n}Z and two dis-
tinct points x and y, consider the open cover V = {X\{x}, X\{y}} (points
are closed because X is T1) and N ∈ N such that UN refines V . Then {x, y} *⋂
|j|≤N f
j(Ukj ), hence {x, y} *
⋂
j∈Z f
j(Ukj ). As x, y are arbitrary, we conclude
that card
(⋂
j∈Z f
j(Ukj )
)
≤ 1, and this is true for all (kj)j∈Z ∈ {1, . . . , n}Z. Then
f is orbit expansive by Remark 2.2.
Now we show that X has a countable basis. Let U = {U1, . . . , Un} be
an r-expansive covering for X . Given a neighborhood V of a point x ∈ X ,
consider the open cover V = {V,X\{x}}. Define a sequence (kj) ∈ {1, . . . , n}Z
taking for each j ∈ Z a kj ∈ {1, . . . , n} such that f−j(x) ∈ Ukj . By refinement
expansivity, for this sequence there is an N ∈ N such that
⋂
|j|≤N f
j(Ukj ) refines
V . As x ∈
⋂
|j|≤N f
j(Ukj ) the later open set is not included in X\{x}, so
x ∈
⋂
|j|≤N f
j(Ukj ) ⊆ V . Therefore, the countable family
⋃
N∈N Uf,N is a basis
for the topology.
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Finally, we show that a compact T1 space with a countable basis admitting
a refinement expansive homeomorphism may fail to be metrizable.
Example 3.13. Let (X, τ) be a compact T1 space and f : X → X a refinement
expansive homeomorphism with a fixed point x0. For example, we can take f to
be a metric expansive homeomorphism (as a symbolic shift map or an Anosov
diffeomorphism of a compact manifold). Considering a new point x1 /∈ X we
define X¯ = X ∪ {x1}, equipped with the topology τ¯ = τ ∪ {W ∪ {x1} : x0 ∈
W, W ∈ τ} ∪ {(W \ {x0}) ∪ {x1} : x0 ∈ W, W ∈ τ}. It is easy to prove that
X¯ is T1. Moreover, X¯ is not Hausdorff if x0 is not an isolated point of X .
Let g : X¯ → X¯ be the function defined by g(x) = f(x) if x ∈ X , g(x1) = x1.
It is easy to see that g is a homeomorphism. We will show that g is refinement
expansive. Since f is refinement expansive, there exists U = {U1, . . . , Un} an
r-expansivity covering for f . Suppose x0 ∈ Un and define the open set Un+1 =
(Un\{x0})∪{x1}. We will prove that Z = {U1, . . . , Un, Un+1} is an r-expansivity
covering for g.
Suppose V = {V1, . . . , Vr} is an arbitrary covering of X¯, with x0 ∈ Vr−1
and x1 ∈ Vr. For each i = 1, . . . , r take Wi = Vi \ {x0, x1} and define Wr+1 =
(Vr−1∩Vr)∪{x0}. ThenW = {W1, . . . ,Wr,Wr+1} is a covering of X . Since f is
refinement expansive, there exists N ∈ N such that Uf,N ≺ W . It only remains
to prove that Zf,N ≺ V . To do this, observe at first that {x0, x1} 6⊆ gj(Uk)
for all j ∈ Z and k = 1, . . . , n+ 1 (recall that x0 and x1 are fixed points of g).
Consider a sequence (kj)j∈Z ∈ {1, . . . , n+ 1}Z. We first suppose that
x1 /∈
⋂
|j|≤N
gj(Ukj ). (4)
Notice that each time kj = n+1we can replace kj by n in (4) and the intersection
(4) will be the same. Therefore,
⋂
|j|≤N
gj(Ukj ) =
⋂
|j|≤N
f j(Ukj ) ≺ W .
This and (4) imply
⋂
|j|≤N g
j(Ukj ) ⊆ Vl for some l < r. Now assume that (4)
does not hold. Then kj = n+ 1 for all j and
⋂
|j|≤N
gj(Ukj ) =

 ⋂
|j|≤N
f j(Un) \ {x0}

 ∪ {x1}.
In this case
⋂
|j|≤N f
j(Un) must be contained inWr+1 and
⋂
|j|≤N g
j(Ukj ) ⊆ Vr.
This proves that g is refinement expansive.
We can generalize this example as follows. Let (X, τ) be a compact T1
space, f : X → X a refinement expansive homeomorphism, and K ⊆ X a closed
invariant subset. We define X¯ = X ∪ {(k, 1) : k ∈ K} (we add a copy of K),
equipped with the topology
τ¯ = τ ∪{W ∪((W ∩K)×{1}) : W ∈ τ}∪{(W \K)∪((W ∩K)×{1}) : W ∈ τ}.
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We define fK : X¯ → X¯ as fK(x) = f(x) if x ∈ X , fK(z, 1) = (f(z), 1) if
z ∈ K. It can be proven, as we did before, that fK is a refinament expansive
homeomorphism.
It would be interesting to know if every refinement expansive homeomor-
phism of a compact T1 space is obtained in this way, starting with a metric
expansive homeomorphism of a compact metric space.
3.3 Further questions
Several questions remain open. For example, it is known that if a compact
metric space X admits a positive expansive homeomorphism then X is a finite
set. Is this result true for a positive refinement expansive homeomorphism on a
T1 space?
In the metric case it is known that no one-dimensional manifold (the circle
and the interval) admit an expansive homeomorphism. In the non-Hausdorff
setting, there are other compact one-dimensional manifolds. Consider for ex-
ample two circles C1, C2 with two open subsets U1 ⊂ C1, U2 ⊂ C2 and a
homeomorphism h : U1 → U2. Consider the space X = (C1 ∪ C2)/x ∼ h(x) for
x ∈ U1. Does such non-Hausdorff one-dimensional manifolds admit refinement
expansive homeomorphisms?
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